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Abstract
We propose a generalization of the notion of
the absorbent element of aggregation opera-
tors. Our construction involves tuples of val-
ues that are absorbent, that is, that decide
the result of aggregation. We analyze some
basic properties of this generalization and de-
termine the absorbent tuples of some popular
classes of aggregation operators.
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1 Introduction
Combining preferences, expert opinions, group deci-
sion making and welfare economics are generic exam-
ples in which aggregation procedures with different be-
haviour are needed. Such features as the veto rule,
oligarchy, abstentions, anonymity and coalitions need
to be properly modeled. Aggregation operators ([3])
are used to express in mathematical language various
aggregation procedures.
In this work we extend the notion of the absorbent el-
ement of aggregation operators, a specific value which
determines the result of the aggregation whenever any
of its arguments takes this value. Our construction in-
volves absorbent tuples – certain tuples (or vote com-
binations) that determine the result of aggregation by
themselves.
Consider the following motivating example. A listed
company has an executive board and broader share-
holder’s meetings, at both meetings preferences (ex-
pressed as votes) are aggregated. However if the ex-
ecutive board is mostly unanimous in its decision,
it takes this decision by itself, without other share-
holder’s vote. If the executive board were able to take
all decisions by itself, we would be talking about oli-
garchy. In our case we have partial oligarchy – only
certain vote combinations result in the outcome deter-
mined solely by the board. We call the set made of all
such combinations a null set.
Another example of null sets involves combination
of expert opinions, for instance during a competitive
grant allocation procedure. A small committee of ex-
perts considers a large number of competitive grant
applications, and gives each application a numerical
score. The applications are also sent to reviewers –
experts in a particular field – who also score the ap-
plications. At the end of the process all the scores
are aggregated. The scores given by committee mem-
bers weight more, because these experts consider many
more applications than the reviewers. Thus several
strong votes by committee members may decide the
outcome irrespective of the scores of the reviewers,
while in case of disagreement reviewers scores will be
used. Can we model such situation with a single ag-
gregation operator?
These illustrative examples suggest the variety of prac-
tical situations in which we would like to model ab-
sorbent behavior of the aggregation procedure. The
purpose of this paper is to study aggregation operators
from the point of view of handling absorbent informa-
tion. It is organized as follows. After briefly recalling
the main issues related to aggregation operators (Sec-
tion 2), Section 3 generalizes the standard notion of
an absorbent element in order to deal with absorbent
tuples, and studies some basic properties of this gen-
eralization. Section 4 identifies the null sets (made of
absorbent tuples) of some of the most popular families
of aggregation operators, and, finally, the paper ends
with some conclusions and pointers to future work.
2 Preliminaries
We assume that the reader is familiar with the main
issues regarding aggregation operators (for details on
the topic, see [1, 4] and the recent overview on aggre-
gation theory included in [3]), and we just recall the
most basic notions that are needed in this paper. If the
unit interval [0, 1], denoted by I, is chosen as the basic
domain, aggregation operators are defined as follows:
Definition 1 An aggregation operator is a function
F :
⋃
n∈N
In → I such that:
(i) F (x1, . . . , xn) ≤ F (y1, . . . , yn) whenever xi ≤ yi
for all i ∈ {1, . . . , n}.
(ii) F (t) = t for all t ∈ I.
(iii) F (0, . . . , 0︸ ︷︷ ︸
n−times
) = 0 and F (1, . . . , 1︸ ︷︷ ︸
n−times
) = 1
Each aggregation operator F can be represented by
a family of n-ary operators fn : In → I given by
fn(x1, . . . , xn) = F (x1, . . . , xn). This representation
allows to define most of the properties of aggregation
operators. Let us recall, in particular, the definition
of absorbent element :
Definition 2 Let F be an aggregation operator and
(fn)n∈lN the corresponding family of n-ary operations.
An element a ∈ I is called an absorbent element (anni-
hilator) of F if for each n ≥ 2 and for all x1, . . . , xn ∈ I
it is fn(x1, . . . , xn) = a whenever a ∈ {x1, . . . , xn}.
3 Absorbent information
According to the definition which has just been re-
called, an absorbent element of an aggregation opera-
tor F is a value a ∈ I that carries the final output to
a. In the following, in order to cope with larger pieces
of absorbent information, we generalize the standard
definition of absorbent element to the case of tuples
α = (α1, . . . , αm) ∈ Im, m ∈ lN = {1, 2, . . .}.
To denote the subsets of components of a vector
x ∈ In we shall employ the following notation. If
I = {I1, . . . , Im} ⊂ {1, . . . , n} is an index set with
cardinality m = |I| and P = (P (1), . . . , P (m)) is
a permutation of (1, . . . ,m), then xIP will be used
to denote the vector obtained from x by selecting
the components whose indices are in I but in the
order given by the permutation P (and using the
convention I1 < . . . < Im): that is, we will have
xIP = (xIP (1) , . . . , xIP (m)). In addition, if I =
{I1, . . . , In−m}, with convention I1 < . . . < In−m,
denotes the complement of I in {1, . . . , n}, then xI
will denote the tuple (xI1 , . . . , xIn−m). For exam-
ple, if n = 5, I = {2, 4, 5} and P = (2, 1, 3), then
xIP = (x4, x2, x5), I = {1, 3} and xI = (x1, x3).
Definition 3 Let F be an aggregation operator, I ⊂
{1, . . . , n}, n > 1, an index set such that |I| = m and
P a permutation of (1, . . . ,m). Then:
• A tuple α ∈ Im is absorbent for F at level n with
respect to (w.r.t.) (I, P ) when
fn(x) = fm(αP ) (1)
holds for all x ∈ In such that xIP = α, where
αP = (αP (1), . . . , αP (m)) is the tuple obtained
from α = (α1, . . . , αm) by means of P .
• The set made of all the tuples α ∈ Im which are
absorbent for F at level n w.r.t. (I, P ) will be
denoted by Am(F, n, I, P ) and will be called the
null set of F at level n w.r.t. (I, P ).
Example 1 Let F be an aggregation operator, n =
3, I = {2, 3}, P = Id (respectively P = (2, 1)) and
α = (1, 0) ∈ I2. Then α is absorbent for F at level 3
w.r.t. (I, P ), i.e., α ∈ A2(F, 3, I, P ), if f3(x1, 1, 0) =
f2(1, 0) (resp. f3(x1, 0, 1) = f2(0, 1)) holds for any
x1 ∈ I.
The above definition implies that when aggregating n
values with F , the information contained in a given tu-
ple α, if appearing in the positions indicated by some
particular pair (I, P ), transforms the final output to
F (αP ). Of course, the same could happen – as it is
the case of the standard absorbent element – inde-
pendently of the positions that the components of α
occupy in the input vector x and independently of the
dimension of the input vector (as long as it is greater
than the dimension of the absorbent tuple). The next
definition accommodates this situation.
Definition 4 Let F be an aggregation operator and
let m ∈ lN. Then:
• A tuple α ∈ Im is absorbent for F when, for any
n > m, for any index set I ⊂ {1, . . . , n} such that
|I| = m and for any permutation P of (1, . . . ,m),
α is absorbent for F at level n w.r.t. (I, P ).
• The set made of all the tuples α ∈ Im which are
absorbent for F will be denoted by Am(F ) and
will be called the m-null set of F .
Example 2 The tuple α = (1, 0) ∈ I2 is absorbent for
F if: ∀n > 2,∀x = (x1, . . . , xn) ∈ In,
1. If there exist i, j ∈ {1, . . . , n}, i < j, such that
xi = 0, xj = 1, then fn(x) = f2(0, 1).
2. If there exist i, j ∈ {1, . . . , n}, i < j, such that
xi = 1, xj = 0, then fn(x) = f2(1, 0).
Remark 1 If F is an aggregation operator and m ∈
lN, then:
1.
Am(F ) =
⋂
n>m
Am(F, n, I, P )
2. When choosing m = 1, Definition 4 recovers the
standard definition of the absorbent element, i.e.:
A1(F ) =
{ {a}, if a ∈ I is absorbent for F
∅, otherwise
When referring to the set made of all the tuples, re-
gardless of their dimension, which are absorbent for a
given operator F , we will use the following:
Definition 5 The null set of an aggregation operator
F , denoted by A(F ), is the set made of all the tuples
α ∈ Im, m ∈ lN, which are absorbent for F , i.e.,
A(F ) =
⋃
m∈lN
Am(F )
Let us now discuss some general properties of ab-
sorbent tuples. We can first of all notice that ab-
sorbent tuples have the property that their aggrega-
tion, by means of F , always provides the same output:
Proposition 1 Let F be an aggregation operator.
Then for any α, β ∈ A(F ) it is F (α) = F (β).
Proof. Let us suppose that it is α = (α1, . . . , αr) ∈
Ir and β = (β1, . . . , βs) ∈ Is for some r, s ∈ lN. Then:
(i) α ∈ A(F ) implies, in particular,
fr+s(α1, . . . , αr, β1, . . . , βs) = fr(α)
(ii) Similarly, β ∈ A(F ) implies
fr+s(α1, . . . , αr, β1, . . . , βs) = fs(β)
¿From (i) and (ii) we get F (α) = F (β).
Remark 2 Observe that the last result allows one to
simplify example 2 as follows: the tuple α = (1, 0) ∈ I2
is absorbent for F if ∀n > 2,∀(x1, . . . , xn) ∈ In, it
is fn(x) = f2(0, 1)(= f2(1, 0)) whenever there exist
i, j ∈ {1, . . . , n} such that xi = 0, xj = 1.
Note also that choosing α, β ∈ I, Proposition 1 recov-
ers the uniqueness of the standard absorbent element.
In addition, the result can be particularized to the case
of aggregation operators with standard absorbent ele-
ment in the following way:
Corollary 1 Let F be an aggregation operator with
absorbent element a ∈ I. Then for any α ∈ A(F ), it
is F (α) = a.
In general, as the following example shows, tuples
whose aggregation coincides with the absorbent ele-
ment are not necessarily absorbent tuples.
Example 3 Let F be an aggregation operator such
that each fn, n ≥ 2, is a –possibly different– t-norm
[6]. Zero is absorbent for any t-norm, and, there-
fore, for F . Suppose now that f2(x, y) = TL(x, y) =
max(0, x + y − 1) (the so-called  Lukasiewicz t-norm)
and that f3(x, y, z) = min(x, y, z) (the minimum t-
norm). Choosing, for example, α = (0.3, 0.3), it is
F (α) = f2(α) = 0, but α is not an absorbent tuple,
since we have, for instance, F (0.3, 0.3, 0.2) = 0.2 6=
F (0.3, 0.3).
The next result shows that in some specific cases tu-
ples whose aggregation coincides with the absorbent
element are necessarily absorbent tuples:
Proposition 2 Let F be an associative and symmet-
ric aggregation operator. Then, for any α ∈ Im,
m ∈ lN, it is F (α) = F (0, 1) if and only if α ∈ Am(F ).
Proof. Recall (see e.g. [8]) that, if F is a symmet-
ric and associative aggregation operator, then F (0, 1)
is its absorbent element. Then, we only need to
prove that F (α) = F (0, 1) implies α ∈ Am(F ),
since Corollary 1 provides the converse. Therefore,
we have to prove that for any n > m, any index
set I ⊂ {1, . . . , n}, |I| = m, any permutation P of
(1, . . . ,m) and any x ∈ In such that xIP = α, it is
fn(x) = fm(αP ). But F is associative and symmet-
ric, and therefore it is fn(x) = f2(fm(αP ), fn−m(xI)),
and the latter is equal to fm(αP ), since, by hypothesis,
fm(αP ) = F (α) is the absorbent element.
This last result may be applied, in particular, to the
well-known triangular norms, triangular conorms, uni-
norms, and nullnorms, since they all are symmetric
and associative aggregation operators with absorbent
elements, respectively, 0, 1, 0 or 1, and 0 < F (0, 1) < 1
(see e.g. [3]). Note in addition that Proposition 2
proves the existence of aggregation operators having
absorbent tuples: indeed, it shows that the null set
of any symmetric and associative aggregation opera-
tor will include, at least, the tuples (0, 1) and (1, 0)
(in addition to the absorbent element F (0, 1)). More-
over, Proposition 2 also points out the existence of
operators –nullnorms– having absorbent tuples –(0, 1)
and (1, 0)– that do not contain their corresponding
absorbent element (in the next section we shall see
that nullnorms, as well as certain classes of triangular
norms, triangular conorms and uninorms, have other
non-trivial absorbent tuples).
We will now see that given an absorbent tuple, any
tuple containing it (in whatever positions) is also an
absorbent tuple:
Proposition 3 Let F be an aggregation operator and
let α ∈ A(F ). Then for any tuple α+ containing, at
least, all the values of α (in any position), it is α+ ∈
A(F ).
Proof. Let us suppose that α ∈ Ir and α+ ∈ Is,
r ≤ s. Then we have to prove that for any n > s, any
index set I ⊂ {1, . . . , n}, |I| = s, any permutation P
of (1, . . . , s) and any x ∈ In such that xIP = α+, it is
fn(x) = fs(α+P ). But:
1. On one hand, xIP = α
+ and the fact that α is
contained in α+ implies the existence of an index
set J ⊂ {1, . . . , n}, |J | = r and a permutation Q
of (1, . . . , r) such that xJQ = α. Then, since by
hypothesis it is α ∈ A(F ), we get fn(x) = fr(αQ).
2. On the other hand, the fact that α is contained in
α+ (and therefore in α+P ) , alone, implies the exis-
tence of an index set K ⊂ {1, . . . , s}, |K| = r and
a permutation R of (1, . . . , r) such that (α+P )KR =
α. Then, since by hypothesis it is α ∈ A(F ), we
get fs(α+P ) = fr(αR).
Now, from 1. and 2. and the fact that fr(αQ) =
fr(αR) (see Proposition 1), we get fn(x) = fs(α+P ).
Proposition 3 allows one to enlarge the class of ag-
gregation operators having non-empty null sets with
operators not necessarily symmetric or associative:
Corollary 2 Let F be an aggregation operator with
absorbent element a ∈ I and let α = (α1, . . . , αm) ∈
Im, m ∈ lN, verify αi = a for some i ∈ {1, . . . ,m}.
Then α ∈ Am(F ).
Thus we have established that the null sets of aggrega-
tion operators with a standard absorbent element will
include, at least, any tuple containing the absorbent
element. In the particular case of associative and sym-
metric aggregation operators, Proposition 3 also en-
tails the following:
Corollary 3 Let F be an associative and symmetric
aggregation operator and let α ∈ Im, m ≥ 2, be a tuple
containing at least one 0 and one 1. Then α ∈ Am(F ).
Recall also (see for example [3]) that given an ag-
gregation operator F and a monotone bijection ϕ :
I → I, the operator Fϕ :
⋃
n∈N
In → I, defined as
(fn)ϕ(x1, . . . , xn) = ϕ
−1(fn(ϕ(x1), . . . , ϕ(xn))), is in
turn an aggregation operator, usually known as the ϕ-
transform of F . We may therefore wonder about the
relationship between the null information associated
to F and the one related to its ϕ-transform Fϕ. The
next proposition describes this relationship:
Proposition 4 Let F be an aggregation operator and
let ϕ : I → I be a monotone bijection. If I ⊂
{1, . . . , n}, n > 1, is an index set such that |I| =
m and P is a permutation of (1, . . . ,m), then for
any α ∈ Im: α ∈ Am(F, n, I, P ) if and only if
ϕ−1(α) ∈ Am(Fϕ, n, I, P ) where, if α represents the
vector (α1, . . . , αm), then ϕ−1(α) denotes the vector
(ϕ−1(α1), . . . , ϕ−1(αm)).
Proof. It suffices to take into account that φ(xIP ) =
φ(x)IP and φ(αP ) = φ(α)P for any monotone bijection
φ : I → I.
The above result can be applied to the duality trans-
formation ϕ(x) = ϕd(x) = 1−x for any x ∈ I. In such
case, the ϕd-transform of a given aggregation opera-
tor F , Fd, is known as the dual of F , and Proposition
4 states that the absorbent tuples of a given opera-
tor may be directly obtained from the ones of its dual
operator.
Remark 3 Note that the results obtained previously
show the existence of tuples which are absorbent at the
same time for an aggregation operator and its dual.
Indeed:
• If F is an associative and symmetric aggregation
operator, an immediate consequence of Proposi-
tions 2 and 4 is that a tuple is absorbent both for
F and its dual Fd if and only if it is F (α) =
F (1− α) = F (1, 0) (indeed, Fd is obviously asso-
ciative and symmetric and has 1− F (1, 0) as ab-
sorbent element). In addition, Corollary 3 shows
that this is the case, in particular, of any tuple
containing the values 0 and 1. Note that when
dealing with nullnorms, such tuples do not neces-
sarily contain the absorbent element of either F
or Fd.
• If F is an aggregation operator with absorbent el-
ement a ∈ I, an immediate consequence of Corol-
lary 2 is that any tuple containing the values a
and 1− a is absorbent both for F and for its dual
operator.
4 Null sets of aggregation operators
In this section we identify the null sets of some spe-
cific families of aggregation operators, namely conjunc-
tive/disjunctive operators, uninorms and nullnorms
(the study of other important classes of operators, such
as means, will be addressed in future works).
4.1 Conjunctive and disjunctive operators
Conjunctive aggregation operators, i.e., those verify-
ing F ≤ min, constitute an important class of opera-
tors that includes widely-used ones such as the already
mentioned triangular norms (t-norms) or copulas (see
e.g. [6, 9]). Among their dual operators, known as
disjunctive aggregation operators, one can find trian-
gular conorms (t-conorms) and dual copulas. Conjunc-
tive/disjunctive aggregation operators have 0/1 as ab-
sorbent element, so it suffices to apply Corollary 2 to
obtain the following general result regarding their null
sets:
Proposition 5 If F is a conjunctive (resp. disjunc-
tive) aggregation operator, then any tuple α ∈ Im,
m ∈ lN, containing at least one 0 (resp. 1) satisfies
α ∈ Am(F ).
T-norms and t-conorms are symmetric and associa-
tive aggregation operators, and therefore Proposition
2 provides the following characterization:
Proposition 6 For any t–norm T , any t–conorm S
and any α ∈ Im, it is α ∈ Am(T ) if and only if T (α) =
0, and α ∈ Am(S) if and only if S(α) = 1.
It is clear that strict t-norms/t-conorms (isomorphic to
the product t-norm or the probabilistic sum t-conorm)
have only trivial absorbent tuples (those containing at
least one 0 or one 1). But there are t-norms and t-
conorms (either continuous or non-continuous) with
non-trivial absorbent tuples: those having zero divi-
sors or one divisors, such as the drastic t-norm or dras-
tic t-conorm, nilpotent t-norms or nilpotent t-conorms
(isomorphic to the  Lukasiewicz t-norm or t–conorm),
the nilpotent minimum or nilpotent maximum, etc
([6]).
Example 4 Nilpotent t-norms and t-conorms are
given, respectively, by:
TLϕ(x1, . . . , xn) = ϕ−1[max(0,
n∑
i=1
ϕ(xi)− (n− 1))]
SLϕ(x1, . . . , xn) = ϕ−1[min(1,
n∑
i=1
ϕ(xi))]
for all x, y ∈ I, where ϕ : I → I is a strictly increasing
bijection. Then a tuple α ∈ Im is absorbent for TLϕ
if and only if it satisfies the inequality
∑m
i=1 ϕ(αi) ≤
m−1, and is absorbent for SLϕ if and only if it satisfies
the inequality
∑m
i=1 ϕ(αi) ≥ 1.
Remark 4 Following Remark 3, note that Example 4
provides tuples which are absorbent both for a nilpotent
t-norm TLϕ and for its dual t-conorm, SLϕ: those α ∈
Im verifying 1 ≤∑mi=1 ϕ(αi) ≤ m− 1.
4.2 Uninorms and Nullnorms
Uninorms ([10, 5]) are associative and symmetric ag-
gregation operators U with the neutral element e ∈
[0, 1]. When e = 1 or e = 0 they coincide, respec-
tively, with a t-norm or a t-conorm. They may be
built by means of a rescaled t-norm in [0, e]n and
a rescaled t-conorm in [e, 1]n. Otherwise (that is,
when it is minxi < e < maxxi), uninorms verify
minxi ≤ U(x1, . . . , xn) ≤ maxxi. Recall in addition
that for any uninorm it is U(0, 1) ∈ {0, 1}, and this
allows one to classify them into two different classes:
those such that U(0, 1) = 0, which have absorbent
element 0 and are known as conjunctive uninorms,
and those with absorbent element U(0, 1) = 1, known
as disjunctive uninorms. Regarding absorbent infor-
mation, the following result may be established from
Proposition 2:
Proposition 7 Let U be a uninorm with neutral el-
ement e ∈]0, 1[, underlying t-norm T and underlying
t-conorm S, and let α ∈ Im, m ∈ lN.
1. If U is conjunctive, then α is absorbent for U if
and only if one of the two following conditions is
satisfied:
• minαi = 0, or
• maxαi ≤ e and T (α1e , . . . , αme ) = 0.
2. If U is disjunctive, then α is absorbent for U if
and only if one of the two following conditions is
satisfied:
• maxαi = 1, or
• minαi ≥ e and S(α1−e1−e , . . . , αm−e1−e ) = 1
Note therefore that a conjunctive (disjunctive) uni-
norm has non-trivial absorbent tuples if and only if its
underlying t-norm (t-conorm) has zero divisors (one
divisors).
Example 5
• Consider the conjunctive uninorm with neutral el-
ement e ∈]0, 1[ and with the nilpotent minimum
(drastic product) as underlying t–norm. Then the
tuples α = (x, y) : x+ y ≤ e (α = (x, y) ∈ [0, e[2 )
are absorbent for U .
• Consider the disjunctive uninorm with neutral el-
ement e ∈]0, 1[ and with the nilpotent maximum
(drastic sum) as underlying t–conorm. Then the
tuples α = (x, y) : x + y ≥ 1 + e ( α = (x, y) ∈
]e, 1]2) are absorbent for U .
• The so-called representable uninorms (see e.g.
[5]), which are defined with the help of an additive
generator, have strict underlying t-norms and t-
conorms. Therefore, their null sets are limited to
the tuples containing the value 0 (if U is conjunc-
tive) or the value 1 (if U is disjunctive).
Nullnorms ([7, 2]) are symmetric and associative ag-
gregation operators with an absorbent element a ∈
[0, 1]. They coincide with a t-norm or a t-conorm when
a = 0 or a = 1, respectively, and may be built by
means of a rescaled t–norm T on [a, 1]n, a rescaled
t–conorm S on [0, a]n and, otherwise, are equal to a.
From Proposition 2 we have:
Proposition 8 Let F be a nullnorm with absorbent
element a ∈]0, 1[, underlying t-norm T and underlying
t-conorm S. Then α ∈ Im is absorbent for F if and
only if one of the following conditions is satisfied:
• minαi < a < maxαi, or
• maxαi ≤ a and S(α1a , . . . , αma ) = 1, or
• minαi ≥ a and T (α1−a1−a , . . . , αm−a1−a ) = 0.
As a consequence, nullnorms have always some fixed
absorbent tuples (those α ∈ Im such that minαi ≤
a ≤ maxαi) but may also have additional ones, de-
pending on whether the underlying t-norm and t-
conorm have, respectively, zero or one divisors:
Example 6 Let F be a nullnorm with absorbent el-
ement a ∈]0, 1[, underlying t-norm T and underlying
t-conorm S. Then:
• If both T and S are strictly increasing (in ]0, 1]n
and [0, 1[n, respectively), then the only tuples
which are absorbent for F are those verifying
minαi ≤ a ≤ maxαi.
• If T is a nilpotent t–norm TLϕ (see exam-
ple 4), then the tuples α ∈ [a, 1]m such that∑m
i=1 ϕ(
αi−a
1−a ) ≤ m− 1 are absorbent for F .
• If S is a nilpotent t–conorm SLϕ (see exam-
ple 4), then the tuples α ∈ [0, a]m such that∑m
i=1 ϕ(
αi
a ) ≥ 1 are absorbent for F .
5 Conclusions and future work
We have extended the notion of the absorbent element
of aggregation operators to absorbent tuples, studying
some properties of this generalization, and have deter-
mined the absorbent tuples of some specific classes of
aggregation operators.
Applications of the proposed notion of absorbent tu-
ples can be found in various instances of multicriteria
and multiperson decision making, as was illustrated in
the introduction. Existence of absorbent tuples can
be a desired or unwanted property, and the presented
analysis will be useful when choosing aggregation op-
erators for specific applications.
In the future we plan to determine the absorbent tu-
ples of other classes of aggregation operators (as for
example averaging operators or compensatory opera-
tors) and to develop construction procedures allowing
to obtain aggregation operators with a predefined ab-
sorbent behavior.
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